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Table 1 Average error for test cases 1-4

Case1,t=15 Case2,t=15 Case3,t=2 Case 4,t=2
Ax, At 0.025 0.0625 0.025 0.0625 0.025 0.0625 0.025 0.0625
w=3 0.1248 0.2331 0.0146 0.0819 0.1820 0.2466 0.0609 0.1851
w=cH4—c?) 0.1019 0.1972 0.0029 0.0380  0.1411 0.2618 0.0215 0.1183
Table 2 Definition of test cases 5-8
Case ¢,(0,x) ¢,(0,x) a, b, a, b,
Case 5 H(x—-Y cos?m(x—1 105 09 25 1
Case 6 sin? mx cos?m(x—-3) 105 09 25 1
Case 7 H(x—} cos’m(x—3) 14 02 28 04
Case 8 sin® zx cos’n(x—y) 14 02 28 04
Table 3 Average error for test cases 5-8
D . Case 5,t=3 Case 6,t=3 Case 7,t =3 Case8,t=3
amping
term Ax, At 0.025 0.0625 0.025 0.0625 0.025 0.0625 0.025 0.0625
Eq. (5) g 0.1056 0.2241 0.0023 0.0383 0.0913 0.1868  0.00095 00118
@ €, 0.0268 0.0405 0.0038 0.0428 0.0322 0.0390 0.00107 0.0155
Eq. (10) & 0.1032 0.2157 0.0025 0.0394 0.0610 0.1866 0.000092 0.0036
@ N 0.0314 0.0663 0.0022 0.0288 0.0150 0.0303 0.000081 0.0027

where ¥, is the kth component of the vector = U¢. For
optimum accuracy o should satisfy w = ¢*(4-—c?), with
¢, = a|4,|, where 4, is the kth eigenvalue of F. However, stability
requires w = ¢, %(4—c,*), which is larger than ¢, 24— ¢, %), except
for the value of k which corresponds to the absolutely largest
eigenvalue. The (n— 1) unknowns with a different value of k are
evaluated with possibly strongly diminished accuracy.

However, it is possible to obtain optimum accuracy for all
components simultaneously, if the scalar w is replaced by the
matrix Q, defined as

Q=C*4I-C? )

with C = 6A and I the identity matrix. The damping term in
Eq. (5) is then found to be

D=-23%" d=U"'QU¢ (10)

Replacement of Eq. (5) by Eq. (10) conserves the third order
accuracy of the RBM scheme, because the difference between
Egs. (5) and (10) is of fourth order. The predictor-corrector form
is also preserved, because the matrix multiplications necessary to
obtain d may be done analytically beforehand. For this the
eigenvalues and the diagonalizing matrix of F are needed. These
may be considered known, because in applications they are
necessary for a good understanding of the phenomenon under
study. Replacement of ‘Eq. (5) by Eq. (10) makes the RBM
scheme slightly more time-consuming, because in addition to the
function evaluations necessary to determine f*, f), and f® an
additional function evaluation to determine d is necessary.

The considerable increase in accuracy which one may expect
from replacing Eq. (5) by Eq. (10) is demonstrated by the
following example:

F=<Cl 62>, (11)
C2 C'l

If ¢(0,x) is periodic in x with period 1 and a,+3b;, = p,
a,+1b, = np, where nis an integer, the exact solution is periodic
in ¢t with period np. _

The four cases that were calculated are listed in Table 2. The
average error in ¢, and ¢,, called &, and &,, respectively, is
defined as in Eq. (7) and listed in Table 3. The results confirm

€ p = (A £4)2
Ay p=(a;,+b,, cos?mx)~!

that with the damping term D defined by Eq. (10) the RBM
scheme is considerably more accurate than with D defined by
Eq. (5), especially when the solution is smooth.
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Introduction

NE method of treating optimal control problems with
terminal state constraints is to adjoin these constraints to
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the cost functional as penalty functions and then to solve a
sequence of unconstrained problems which approximates the
constrained problem. This process, however, retards the conver-
gence properties of the algorithm which is being employed. This
phenomenon is similar to that occurring in parameter optimiza-
tion problems for which a clear geometrical interpretation’® can
be given. An additional complication is having to estimate a value
for the initial penalty constant.

Sinnott and Luenberger? have adapted a projection technique
to a conjugate gradient algorithm in order to satisfy terminal
state constraints. Although this technique avoids the undesirable
characteristics of the penalty function approach, it unfortunately
introduces two critical stepsize parameters which must be chosen
by the user. This Note proposes using a one-dimensional mini-
mization as an automated means of selecting the more trouble-
some of these two stepsize parameters. Adoption of this technique
is supported by numerical results and by theoretical implications.

Projection Operator Formulation

Consider the problem of determining the r-vector of control
functions u(), t, < t < t,, which minimizes the cost functional

J = o[x(t)] + JI’ L(x,u,f)dt (1)

0
subject to the nth-order nonlinear dynamical system

@) =1fx,u1),  x(t)) =X, @)
with X,, 24, and ¢, given, and subject to the p (p £ n) terminal
state constraints

ylxt)l=0 3)
Linearization of the dynamics (2) about a nominal u(f) and
x(t) gives _
% =f (x,u,t)ox(t)+f,(x,u,)ou(t), dx(t,)=0 4
for which '

ox(t) = jt @(t,7)f, (t)ou(r)dr (%)

o

where ®{z,7) is the transition matrix of linear system (4), f, and
f, are matrices with elements df;/0x;, and df;/0u,, respectively, and
éu and dx represent variations of the control and state vectors,
respectively. In addition, if each element of the vector ¥[x] is
differentiable and if each iteration in the process satisfies Eq. (3),
then near a nominal x(z;),

W, ox = Y[x+ox]—y[x]=0 (6)
Combining Eq. (5) with Eq. (6) yields
f’ ¥, Q(t,, 7)f, (1) du(z) dr = 0 )

For convenience, let the pxr time-varying matrix &(z) be
defined by £(z) = ¥, @(¢,, 7)f,(x), so that Eq. (7) becomes

J 7 ¢(@)du(e)dz = 0 @8)

The unique? projection éif of the control variation éu onto the
linearized constraint surface (8) is given by?*

1 -1 t
oi(r) = du(r)— éT(t)[j "eEr () dt} J "ewsuyd )
to o
Thus, if the nominal control u satisfies the constraints (3), the
control u-+ & satisfies the lincarized constraint (6). The inverse
matrix in Eq. (9) exists if the linear system (4) is controllable.
The variation of the cost functional due to & is

t
oJ = j "B sudt (10)
to
where H, is the gradient of the Hamiltonian H = L+iTf with
respect to the control. The vector A(f) is determined by the
system A7(t) = — L.—4"f, and A"(t)) = ¢,. For an extremum,
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6J must be zero for arbitrary 4ii(t); this can happen only if
H,=0,for ty <t <t If 6, and p,(¢) represent the stepsize and
direction of search, respectively, then w,_; = u,+6;p, so that
letting p, = — A, " insures that &J is negative.

Stepsize Selection
One method of implementing the projection operator? is to:
1) choose 6, such that J[u,(t)+ 6, p,(£)], as a function of 6, is a mini-
mum; 2) let
0, (0) = u(e)+m, 0,p(t) (11)
3) let ¥, = W [%(t;)], where %(t,) corresponds to i, 4 (t); 4) let

Au(t) = —-£7(t) U ff(t)ﬁT(t)dt:I_ v,

to

and 5) let

u; () =0, (O)+n,Au(r) (12)
If constraints (3) are not satisfied, parameters m; and n; are chosen
so that a) ||| decreases at each step, where | | is some suitable

norm, and b) the performance index J decreases at each step. If
|¥| < efor some ¢ > 0, the constraint is considered satisfied and
motion takes place along the constraint surface. Although the
intent of these steps is clear, the implementation of them is not
straightforward.

Mehra and Bryson® and Willoughby® suggest that the para-
meter m, in Eq. (11) in proceeding “parallel” to the constraints,
can be determined by insuring that the constraint violation at the
beginning and end of the step are not significantly different, ie.,
the linearization has not been violated. Similarly, a linearization
check is made on correction step (12) by comparing the actual
constraint variation ¥ (x+dx)—y(x) to the quantity ¥ dx(¢,),
where 8x(t,) is the result of integrating the linear system (4).
The parameter n, is reduced from unity if there is a significant
difference between these two quantities. This method of stepsize
selection, although reasonable and well defined, does not provide
full utilization of each step in the iteration process.

Willoughby® presents a different method of determining the
elusive scalar m, in which m, is reduced from unity only if: 1) the
correction in Eq. (12) leads to greater rather than smaller
constraint violation, or 2) the value of the cost functional after

.correcting the control in Eq. (12) increases. He found that this

criterion does, at least for the test case solved, lead to a better
convergence history than the method first described, since larger
stepsizes are taken. It was this increase in performance, due to the
increased stepsize, which initially motivated the following step-
size selection technique.

Fornotational convenience let u, denote a control obtained by
repeatedly applying Eq. (12) to u until the terminal constraints
are satisfied. The proposed technique is that a one-dimensional
minimization of J be performed with respect to 6, where
u;, () = (w;+0,p;),. This necessitates the use of a one-
dimensional minimization routine requiring only function value
information. This procedure has theoretical justification since
convergence proofs of conjugate direction gradient methods for
problems with linear dynamics and quadratic performance index
require a one-dimensional minimization at each step. Since more
general optimal control problems can often be approximated by a
linear-quadratic problem near the minimum, this algorithm
should have some inherent advantages over algorithms not
employing a one-dimensional minimization.

The proposed algorithm can be stated then as: 1) selection of
an estimate u,(t) of the optimal control; 2) projection of uy(t)
back to the constraint using Eq. (12), ie., until || <e, for
specified ¢ > 0; 3) letting p, = — HuiT (steepest descent); 4) choos-
ing6;such that J{[u,(z)+ 6, p,(t)], } asa function of 6, is a minimum;
5) setting w,., , (1) = [w,(t)+0;p0)],; and 6) repeating items 3-5
until convergence is obtained.

Numerical Example
All computations were performed on an IBM 360/65 computer
usingdouble precision arithmetic. Allintegrations were performed
using a standard 4th-order Runge-Kutta program with the time-



JULY 1972

Table 1 Convergence history

Tteration Valueofcost (7 FI 0T 0 (05 |
number  functional J w u0) w03 D)
0 —4.07436 4.1196 n/2  n/4 0
0, —3.29834 9.5861 1.571 0946 —0932
1 —3.49072 0.7171 1.295 1092 —1.032
2 —3.50696 0.0312 1.383 1.053 —-0.994
3 —3.50781 0.0077 1.357 1.042 —-0.984
4 —3.50800 0.0022 1.374 1038 —0.979
5 —3.50806 0.0008 1.363 1.036 -—-0978
Optimal7 —3.50809 0 1.367 1.034 —-0.976

interval divided into 100 uniform segments. A quadratic poly-
nomial approximation scheme was used for each one-dimensional
minimization.

As a numerical example, consider the rocket problem treated
in Ref. 7. In normalized form the 3rd-order dynamical system is

Xy =x; x,0)=0 x,(1)=10
X, =64sinu—32, x,(00=0, x,(1)=0
%3 =64cosu, x;(0)=0

and the cost functional is J = —x,(1).

The convergence history obtained by using the proposed
algorithm is given in Table 1. The iteration number O, refers
to the control [u, (£)] , where the initial control u, () = (n/f)(l —1).
Since the differential equations of this problem are linear in the
state variables, the transition matrix was calculated analytically,
thus eliminating any numerical integration in the calculation? of
the projection operator. The total execution time required
for this solution was 19.2 sec. Figure 1 contains plots of
Jlu,_y+6,_,p;_ ;] and J[(u;_,+0,_,p;,_,),] Vs the stepsize
parameter 6, , for i = 1,5. The J(u) curves have lower minima
since the constraints are violated. It should be noted that the
minimum along the J{(u ,) curve is not in a region where the
linearized dynamics are valid, thus lending support to the stepsize
selection policy proposed by Willoughby.®

Conclusions

These numerical results demonstrate the feasibility of using
this technique. The fact that this method is not dependent upon
guessing additional algorithm parameters will hopefully make it a
powerful tool in the future. The idea of using a one-dimensional
minimization will be of greater importance when a conjugate
gradient or Davidon algorithm is used since the generation of
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Fig. 1 One-dimensional search functional value profile.
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conjugate directions is highly dependent upon an accurate one-
dimensional minimization. In light of the encouraging results
resulting from using steepest descent on a rather simple problem,
further investigation using a more advanced algorithm on a
more sophisticated problem is warranted.
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Solution of a Plastic Buckling Paradox

ARris PHILLIPS*
Yale University, New Haven, Conn.

1. Introduction

T is well known that the available experimental results on

plastic buckling of plates and shells do not agree with a J ,-type
flow theory but that they agree very well with a deformation-
type theory or to a certain degree with a slip theory.!-*> Taking
into account that the deformation type theory as a class has
been discredited because of inconsistencies® and that the slip
theory has not been improved to an extent that it will satisfy
experimental results,* it is worthwhile to show some new experi-
mental results with yield surfaces because of their implications
for solving this long standing problem of understanding plastic
buckling.

The basis of the misunderstanding concerning plastic buckling
may lie in the fact that it has not been recognized well experi-
mentally that materials become anisotropic practically immedi-
ately upon plastic loading so that the use of an isotropic flow
theory of plasticity is not appropriate particularly for the solution
of problems in which the appearance of a very small plastic strain
is of great importance; this is, of course, the case in plastic
buckling.

2. New Experimental Results

Figures 1 and 2 show typical yield surfaces in a tension-torsion
stress space as obtained experimentally for commercially pure
aluminum. We shall'assume that the same general results are valid
for other metals and for other stress-space quadrants such as the
compression-torsion space. Indeed initial isotropy requires that
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